We have studied the influence of conduction band-valence band coupling on the polarization of gain in quantum well ͑QW͒ lasers. As a reference we used the eight-band k · p description of the gain polarization. Our eight-band k · p model accounts for the crystal orientation, lack of inversion symmetry, strain induced deformation potentials, and piezoelectricity. We have studied both strained and unstrained ͑001͒ and ͑111͒ QWs. The results are compared with the transition dipole model of the gain polarization ͓M. Asada et al., IEEE J. Quantum Electron. 20, 745 ͑1984͔͒, which is based on a phenomenological generalization of Kane's ͓J. Phys. Chem. Solids 1, 249 ͑1957͔͒ linear k · p model of bulk crystals. We found a quantitative difference between our multiband model and the transition dipole model of Asada et al. The difference is addressed to lack of orthogonality between the transition dipole and the electron wave vectors. The orthogonality is broken outside the ⌫ point by both the QW heterostructure geometry and the interband coupling. Results obtained by the complete eight-band model are also compared with restricted multiband models excluding the conduction band.
I. INTRODUCTION
The polarization of gain is an important physical characteristic of semiconductor lasers. In spite of its fundamental significance, the polarization of gain in quantum well ͑QW͒ lasers has so far not been analyzed within a multiband model that would include all the strongly coupled valence and conduction bands of III-V compound semiconductors. Accordingly the gain polarization in semiconductor lasers is as a rule analyzed within the lowest order, parabolic-band model of Asada and co-workers [1] [2] [3] [4] or with restricted fourvalence-band 5, 6 and six-valence-band k · p models, 7, 8 which do not include the important symmetry breaking effect of the conduction band. Gershoni et al. 9 have also used the eightband k · p model to calculate the gain in QWs. However, they did not include a discussion of the polarization of gain in their work. Hader et al. have also made extensive work on the modeling of the transverse electric mode ͑TE͒ gain in semiconductor QW lasers ͑see, e.g., Refs. 10-12 and references therein͒. Their approach is based on semiconductor Bloch equations together with the eight-band k · p theory. It includes interband Coulomb correlations and band-gap renormalization in second order Born approximation, but Hader et al. did not discuss the polarization of gain in their work. This has prompted us to make a detailed analysis of the gain polarization by the eight-band k · p model, which is known to give an accurate description of the electronic states close to the band edges in III-V semiconductors and their heterostructures. We also compare the results of this reference model with approximate single and multiband effectivemass gain models, in order to explore the accuracy of these widely used gain polarization models.
The parabolic band Asada, Kameyama, and Suematsu ͑AKS͒ model 1 was based on Kane's linearized eight-band k · p model, 13 for bulk semiconductors. In this model the polarization of gain is governed by the breaking of the heavyhole ͑HH͒ band symmetry, by the coupling of the conduction and valence bands. It explains the polarization of gain using a geometrical relationship between the transition dipole and the electron wave vector. This simple and transparent physical interpretation of the gain polarization has made it the "standard model" in the modeling of semiconductor lasers. The AKS model has also been reported to be in good agreement with experiments. 14 This is surprising, since its possible validity is restricted to the near-band-edge regime of bulk semiconductors and its use for QW lasers is based on phenomenological arguments only.
In this work we show that the polarization of gain in QW lasers can be calculated accurately with a k · p model only by including eight bands or more. Our eight-band k · p model includes strain and piezoelectric effects and allows analysis of arbitrarily oriented QWs. We have studied four differenteigenstates ͑see, e.g., Ref. 16͒ . The dimensions and materials of the selected QWs were not optimized for technological laser applications. However, our results are well representative for gain polarization in QW lasers made of III-V compound semiconductors in general.
The paper is organized as follows: In Sec. II, we review the AKS model, including the electronic structure and the gain of bulk material and QWs. In Sec. III we describe our eight-band k · p model for the material gain and its polarization. Then in Sec. IV we compare the polarization of gain in different models, discussing both bulk semiconductors and QWs. Finally in Sec. V we draw conclusions and discuss the validity of different models.
II. THE AKS MODEL
The AKS model, 1 for the polarization of gain in semiconductor lasers, is based on Kane's linearized eight-band k · p Hamiltonian 13 for bulk semiconductors. In Refs. 1, 17, and 18 a simple geometrical relation was derived between ͑1͒ the polarization of stimulated emission, ͑2͒ the electron wave vector k, and ͑3͒ the electric dipole moment R cv of the electron transition ͑transition dipole͒. It was shown that for a conduction-HH band transition in bulk semiconductors, R cv has to be perpendicular to the initial ͑and final͒ electron wave vector k. The geometrical relation was generalized for QWs. This, however, required a phenomenological redefinition of the electron wave vector. Its vector component k z , orthogonal to the QW, was replaced by k z → ͱ 2m C * E Cn / ប = ͱ 2m HH * E HHn / ប, where m C * ͑m HH * ͒ is the effective mass in the conduction ͑HH͒ band and E Cn ͑E HHn ͒ is the confinement energy of the nth conduction ͑HH͒ band. The defined k z is analogous to the wave number of a sinusoidal standing wave between infinite potential barriers.
A. AKS model for bulk semiconductors
In Kane's linear eight-band k · p model 13 the off-diagonal
Hamiltonian terms, proportional to k 2 , were omitted ͑see Appendix for a brief introduction to the k · p model͒. In order to diagonalize the linearized Hamiltonian for arbitrary k, Kane applied a coordinate transformation bringing z axis parallel to k. This transformation diagonalizes the HH part of the eight-band Hamiltonian. The conduction band remains weakly coupled to the light-hole ͑LH͒ band. However, these remaining coupling terms are proportional to k and small in the vicinity of the ⌫ point.
The coordinate transformation depends on the direction of k and the new eigenstates are linear combinations of the basis functions given in the crystal coordinates. The transition dipole between the rotated conduction ͉⌿ C ͘Ј and HH ͉⌿ HH ͘Ј states is given by
where and are the spherical polar coordinates of k and û i are the unit vectors of the main crystallographic axes. The length of R cv is given by
where E g is the band gap energy. The momentum matrix element ͗S͉p x ͉X͘ is related to the k · p parameter E p through
From Eq. ͑1͒ we see that the transition dipole is perpendicular to the electron wave vector, i.e., k · R cv = 0, where the wave vector can be written as k = k sin cos û x + k sin sin û y + k cos û z , in the Cartesian coordinates. Figure 1 shows schematically the geometrical relations between k and R cv as well as the definitions of the spherical coordinates and .
B. AKS model for quantum wells
In a QW perpendicular to the z axis, the electron wave vector k = k ʈ restricted to the plane of the QW because the expectation value of its z component is zero,
͑3͒
However, it contributes still to the interband coupling of the envelope Hamiltonian via terms proportional to ‫ץ‬ / ‫ץ‬z and ‫ץ‬ 2 / ‫ץ‬z 2 . These terms are not necessarily small even for small k ʈ and cannot be eliminated by a coordinate transformation. The eight-band k · p envelope Hamiltonian of a QW can therefore not be diagonalized in the same way as the bulk Hamiltonian. Asada et al. assumed that one can account for the QW confinement in the following way. Instead of using k z , given by Eq. ͑3͒, in the coordinate transformation they defined an effective k z vector component as 
where m C * ͑m HH * ͒ is the effective mass in the conduction ͑HH͒ band and E Cn ͑E HHn ͒ is the confinement energy of the nth conduction ͑HH͒ band. This was based on the analogy to the wave number of a standing wave in a square well potential. The QW Hamiltonian was diagonalized by a coordinate transformation that makes use of the phenomenological wave vector k = ͓k x , k y , k z ͔ and brings û z ʈ k. Under this assumption the decoupled conduction and HH eigenstates are given by
where ⌿ is the total wave function, are the envelope wave functions, ͉u l ͑k͒͘Ј are the bulk ⌫-point Bloch functions, and the primes indicate that the states are expressed using the rotated coordinate system ͑see Ref. 13 for more details on the coordinate transformation͒. This implies that only the Bloch functions are rotated according to k, whereas the envelope wave functions of the conduction and HH bands are independent of the rotation. In the notation l m for the envelope wave functions, the subindices refer to the ⌫-point Bloch function component and the upper indices refer to the subbands composed from the ⌫-point Bloch functions. The envelope wave functions were solved using a parabolic oneband effective-mass Hamiltonian.
C. AKS model for the polarization of gain in quantum well lasers
The material gain of a QW is based on the transition amplitudes between electron and hole states
Cn ͑z͉͒ hh HHm ͑z͒͗͘u c ͑r,k͉͒Јer͉u hh ͑r,k͒͘Ј. ͑6͒
In the parabolic band model only diagonal transitions are allowed, because of the orthogonality between the electron and hole envelope wave functions, i.e.,
͗ c Cn ͑z͉͒ hh
HHm ͑z͒͘ Ϸ ␦ nm .
͑7͒
It follows now that the transition dipole is given by Eq. ͑1͒, except that the spherical coordinates of the electron wave vector are replaced by
The material gain is obtained by summing the squares of all diagonal transition amplitudes multiplied by the pertinent Fermi functions. The integration of the squared transition amplitudes over k ʈ can be changed to an integration over the transition energy E ch = E Cn − E HHn . This is done by averaging the squares of the amplitudes over and introducing the density of states ͑DOS͒ of parabolic bands. The averaged transition dipoles are given by
where is the unit polarization vector of the photon field and is given by Eq. ͑8a͒. The total material gain is now given by
where is the permeability, is the permittivity, m hh * is the DOS mass of the HH band, L is the width of the QW, f e ͑f h ͒ is the Fermi function of electrons ͑holes͒, and ⌫ is the homogeneous linewidth broadening. The material gain depends on the polarization through the polarization vector in Eq. ͑9͒ although this is not shown explicitly in Eq. ͑10͒. The LH bands were omitted from the AKS gain model, since the density of states is a lot smaller for the LH band than for the HH band.
D. The effect of the light-hole band in the AKS model
The phenomenological model of Asada et al. was generalized by Yamanishi and Suemune to include also the conduction ͑C͒ to LH band transitions in the material gain. 17 The C-LH transition dipoles were obtained by replacing the rotated HH eigenstates of Eq. ͑1͒ by rotated LH states. The small residual coupling of the Hamiltonian between the conduction and LH band was neglected. Following Ref. 13 , we obtain the following transition amplitudes ͑averaged over ͒ for the C-LH transitions:
In Ref. 17 the transition dipoles were given with respect to the corresponding averaged transition dipoles for bulk; M =2R 2 / 3. Yamanishi and Suemune 17 did not present a complete gain model or numerical results for the material. They only "estimated" the material gain of the model, according to experimental results.
III. POLARIZATION OF GAIN WITH THE EIGHT-BAND k · p MODEL
In this work we used the eight-band k · p envelope Hamiltonian of Ref. 19 , generalized to account for the lack of inversion symmetry of zinc blende crystals. 13 We ac-counted for the strain up to zeroth order in k. Our approach is thereby equivalent to that of Mailhiot and Smith. 20 We solved the eight-band k · p envelope Hamiltonian using the finite difference technique ͑see, e.g., Ref. 21͒ with periodic boundary conditions. The numerical methods and the used Hamiltonian are described in the Appendix. All material parameters were taken from Refs. 22 and 23 and are listed in Table I .
The strain of the QWs was calculated using the continuum elasticity ͑CE͒ theory. 15, 24 We assumed that the thickness of the QW is a lot smaller than the thickness of the barrier ͑=substrate͒. As a result, only the QW is strained and the infinitely large barrier is stress-free. Our previous comparison of the CE with the atomistic valence force-field method showed that the CE is very accurate for these QW structures.
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A. Band structure of quantum wells
The band structure was computed, for the four different QW structures; QW1, QW2, QW3, and QW4 ͑defined in Sec. I͒. Regarding the electronic structure our results agree well with previous works. 1. "001… quantum wells Figure 2͑a͒ shows the band edges of the ͑001͒ QWs, excluding all strain effects. Figures 3͑a͒ and 3͑c͒ show the probability densities of the ground states in QW1 and QW2, respectively. The carrier densities are wider in the strained QW and the wave functions penetrate the barriers more than in the lattice-matched structure, due to smaller band edge offsets between Ga 0.47 In 0.53 As and Al 0.33 In 0.67 As ͑see Fig. 2͒ . Figures 4͑a͒ and 4͑b͒ show the energy bands of QW1 and QW2, respectively. Figure 2͑b͒ shows the band edges of the ͑111͒ QWs. The band edges of QW3 ͑solid lines͒ are the same as those of QW1. However, the strained QW4 ͑dashed lines͒ acquires an additional piezoelectric field in comparison with the band edges of QW2. The strength of the electric field was ⌬V = 16.5 meV/ nm. Figures 3͑b͒ and 3͑d͒ show the carrier densities in QW3 and QW4, respectively. Figure 5 shows the energy bands of QW3 and QW4. The band gap of the active material is reduced by the strain and by the piezoelectric field. However, the field also lowers the barriers ͑see Fig. 2͒ decreasing the effective QW confinement energy in the strained and ͑111͒ orientated QW4.
"111… quantum wells
B. Density of states
The material gain is primarily shaped by the DOS and the availability of states that can take part in the recombination process. Even if the material gain is a combined result of the DOS and the transition amplitudes, the fine-tuning of semiconductor QW lasers is in practice realized only by modifying the shape of the DOS and its energy band gap. The density of states ͑DOS͒ per area of the QW was calculated by integrating over k ʈ and summing over the pertinent subbands 25 g C
where the sum over n contains also the summation over spin. The total DOS of the system was obtained by adding the continuum of three-dimensional barrier states to the QW DOS
͑13͒
where m e,B is the effective density of states mass of electrons in the barrier, W B is the width of the barrier, and E C,B is the conduction band edge of the barrier material. A similar expression is obtained for the DOS of the valence bands
͑14͒
where m h,B is the effective density of states mass of holes in the barrier, and E V,B is the valence band edge of the barrier material. The quasi-Fermi energy of electrons ͑holes͒ was calculated iteratively by fixing the charge density N e ͑N h ͒, and integrating over the DOS multiplied by the Fermi function.
The numerically calculated DOS of QW1 is shown in Fig. 6 . The DOS was calculated from the energy bands obtained with the eight-band ͑"8-band"͒, six-band ͑"6-band"͒, and AKS ͑"HH-band"͒ models. The DOS of the AKS model is smaller than those of the six-and eight-band models mainly because the valence band mixing was omitted from the AKS model. The band structures of the six-and eightband models are very similar close to the band edges; however, at higher energies and higher k values the differences increase. As a result the DOSs of the valence bands are very 
of 2. The large peak of the six-band DOS is a result of very flat valence bands in this energy range.
In the conduction band DOS, the k · p coupling of the conduction and valence bands is seen as slanted staircases, because the conduction bands obtained from the eight-band model are slightly flatter than those of the parabolic band model. The DOS is not sensitive to the symmetry change caused by the coupling of conduction and valence bands, due to the averaging over the direction of the wave vector.
C. The polarization of material gain
The material gain was calculated by integrating the transition rates over k ʈ for all interband transitions. All transitions rates were weighted by the corresponding population factor ͕f e ͓E Cn ͑k ʈ ͔͒ − f h ͓E Vm ͑k ʈ ͔͖͒. The total material gain, as a function of energy E, is then given by
where ⌫ is the linewidth broadening. Two different forms for the transition amplitude W Cn,Vm have been used in the literature ͑see, e.g., Refs. 9, 19, and 26͒:
where Ĥ is the eight-band k · p envelope Hamiltonian, ⌿ i are the complete eight-band k · p wave functions, and i are the envelope wave functions. However, the differences between the gain profiles obtained by these two transition rates were very small. In the following, we use Ќ ͑equals the transverse magnetic mode: TM͒ polarization for an electric field perpendicular to the QW plane and ʈ ͑TE͒ for an electric field in the QW plane. Figures 7͑a͒ and 7͑b͒ show the material gain of an ͑001͒ QW at T = 300 K for the Ќ and ʈ polarizations, respectively. The solid lines correspond to zero linewidth and the dashed lines to a homogeneous linewidth of ⌫ = 6.6 meV. The gain was computed for three different carrier concentrations N e = N h =3ϫ 10 18 ,5ϫ 10 18 ,7ϫ 10 18 cm −3 . The gain of the ʈ polarized light is dominated by the C1 → HH1 transition ͑HHn refers to the nth valence band with HH character͒, while that of the Ќ polarized light is dominated by the C1 → LH1 transition ͑LHn refers to the nth valence band with LH character and in general LH1 V1͒.
The gain increases with increasing carrier density for all QWs. In the lattice-matched QWs the magnitude of the peak gain is larger for the ʈ ͑TE͒ polarization than for the Ќ ͑TM͒. The sharp peak at Ϸ 1.275 m for N =7 ϫ 10 18 cm −3 in the ʈ polarized gain is due to the diagonal transition C2 → V2. This transition was not seen in the gain of Ќ polarized light and the influence of this transition on the gain profile increases with increasing carrier densities.
Figures 8͑a͒ and 8͑b͒ show the material gain in different QWs for Ќ and ʈ polarizations, respectively. The solid lines correspond to ͑001͒ oriented QWs and the dashed lines to ͑111͒ oriented QWs. The gain profiles of strained and lattice-matched ͑"no strain"͒ are shown by labels. For ͑001͒ QWs the tensile strain ͑QW2͒ decreases the gain of ʈ polarized light while that of Ќ polarized light is enhanced, because the tensile strain shifts the LH states upwards with respect to the HH states, enhancing the Ќ gain, dominated by the C1 → LH1 transition. Moreover, in the QW2 structure, the wave function overlap between the electron and hole ground states is larger than in QW1, increasing the gain further. The material gain of QW3 is very similar to that of QW1. However, the strained QW4 differs remarkably from the other structures, due to the piezoelectric field. The field ruins the Ќ polarized material gain completely. The ʈ gain is still visible in the 10 nm wide QW4, but the gain profile is very broad. We note, however, that a thorough description of the material gain of strained and piezoelectric ͑111͒ QWs would require self-consistent Poisson-Hamiltonian calculations of the charge distribution. This is, however, out of the scope of the current work. 
IV. COMPARISON OF THE POLARIZATION OF GAIN IN AKS AND MULTIBAND MODELS
A. Bulk semiconductor
We first compared the AKS model for bulk semiconductors with the full eight-band k · p model and found it very accurate for k Ͻ 0.02ϫ k Bz ͑i.e., 2% of the edge of the first Brillouin zone͒, which is certainly the upper limit of any linear model. The mixing coefficients of the HH band are not affected by the linearization in this regime, whereas the mixing coefficients of the other bands are changed by a few percent. The LH band is most sensitive to the linearization. The linearized model yields about 7 meV greater conduction band energy and 5 meV greater HH energy ͑i.e., 2 meV larger energy separation between the conduction and HH bands͒ at k = 0.02ϫ k Bz of bulk GaAs.
We estimated also the error of the transition amplitude for bulk GaAs. A comparison of the AKS model with the complete eight-band k · p model shows that the error in the length of the transition dipole ͓Eq. ͑2͔͒ is less than 1% for k ഛ 0.02ϫ k Bz . The linearized model yields in general larger transition amplitudes than the full eight-band k · p model, because the additional band coupling reduces the transition dipole. We conclude that Kane's linear approximation, as used in the AKS model, is certainly reasonable for small and moderate carrier densities in bulk semiconductors. Figure 9 shows the material gain obtained with different models for the QW1 structure. Figures 9͑a͒ and 9͑b͒ correspond to the gain for ʈ and Ќ polarized light correspondingly. All curves include a homogeneous linewidth of 6.6 meV, with carrier densities of N e = N h =5ϫ 10 18 cm −3 and a temperature of 300 K. The magnitude of the gain of the AKS model is very different compared with the six-and eight-band k · p models due to larger transition amplitudes and slightly different quasi-Fermi energies. The quasi-Fermi energies were calculated from fixed carrier concentrations and since the DOS is smaller in the AKS model than in the eight-and six-band models, the quasi-Fermi energies are shifted deeper in the conduction/valence bands.
B. Quantum wells
There is also a striking difference between the shape of the gains obtained with different models. The AKS gain model accounts only for the diagonal transitions and assumes that only valence bands with HH character take part in the recombination. However, the total gain is a sum of many transitions and also the nondiagonal transitions affect the exact gain profile. This is seen particularly in the gain of ʈ polarized light. Note that, for larger transition linewidths, it becomes impossible to distinguish the different transitions from each other.
C. Geometrical relation between the transition dipole and the electron wave vector
An attractive feature in the analysis of Asada et al. is the use of the orthogonality between the transition dipole and the electron wave vector, in explaining the polarization of gain. Their procedure is based on the diagonalization of the linear eight-band bulk Hamiltonian. However, it is applicable only for bulk semiconductors. In the case of a QW the electron wave vector is, strictly speaking, defined only within the QW plane. The third component orthogonal to the QW plane is zero. However, Asada et al. assigned to this component an artificial value, calculated from the quantization energy.
In this work we restrict our calculations within exactly defined quantum mechanical quantities. Therefore, we have calculated the deviation of the transition dipole R if = ͗⌿ C1 ͑z , k ʈ ͉͒r ͉ ⌿ V1 ͑z , k ʈ ͒͘, from the normal of the QW plane, for the C1 → V1 transition ͑see Fig. 10͒ . The deviation angle was defined as = arccos͉͑R if · û z ͉ / ͉R if ͉͒. We have calculated angle as a function of k ʈ = ͓k x ,0͔, in order to study the rotation of R if in the different gain models. From Fig. 10   FIG. 9 . ͑Color online͒ Material gain, using different models for ͑a͒ Ќ and ͑b͒ ʈ polarizations in a lattice-matched and ͑001͒ oriented QW. The highest gain was obtained using the AKS gain model ͑dash-dotted lines͒ whereas the six-band ͑dashed͒ and eight-band ͑solid͒ models yielded very similar gain profiles. The difference in the gain, between the AKS model and the AKS model including both HH and LH ͑not coupled͒ valence band gain of the AKS model was of the same order as the line thickness. All results correspond to a linewidth of ⌫ = 6.6 meV and a charge carrier density of N =5 ϫ 10 18 cm −3 .
FIG. 10. ͑Color online͒ The deviation angle = arccos ͉͑R
͑z , k ʈ ͒͘ from the normal ͑z axis͒ of the QW plane as a function of k ʈ = ͓k x ,0͔. The solid, dashed, and dashdotted lines correspond to the eight-band, six-band, and AKS models. Although is 90°at k ʈ = 0 and approaches 45°with increasing k ʈ , there is a large difference between the models for small but nonzero k values.
we observe that the transition dipole is in the QW plane ͑ =90°͒ for k ʈ = 0 and approaches =45°for large k ʈ values, in all gain models. At the lower wave vector limit ͑k ʈ → 0͒, =90°, the valence band ground state is a pure HH state with mainly ͉X͘ and ͉Y͘ components. The transition dipole has therefore no z component. This agrees with the bulk case where the HH eigenstate of the Hamiltonian is decoupled when z ʈ k. It is straightforward to see that with the generalized wave vector definition of the AKS model k Ќ R if for k ʈ =0.
The upper asymptotic limit k ʈ → 0.05ϫ k Bz corresponds to a complex transition dipole of type R if ϳ͉z͘ + i͉y͘. This corresponds in the AKS model to a 90°rotation of the transition dipole around the y axis. For large k ʈ values the effect of the k z operator on the eight-band Hamiltonian decreases and the results are dominated by the k ʈ -dependent terms. Therefore, the results of the eight-band and AKS models agree at the upper asymptotic limit as well.
The results based on the AKS model differ significantly from the multiband models although the asymptotic limits are the same. This applies mainly to the gain of Ќ polarized light. In the six-and eight-band k · p models the main peak of the gain is due to the C1 → V2 ͑V2 = LH1͒ transition at k ʈ Ϸ 0, since the transition dipole of the C1 → V1 transition is practically perpendicular to the Ќ electric field for all occupied states. However, in the AKS model the peak gain of the Ќ polarized light is due to the C1 → V1 ͑V1 = HH1͒ at k ʈ 0, because there are no other allowed radiative transitions close to the band edge. Figure 10 shows also that the rotation of the transition dipole in the six-and eight-band k · p models is very similar. We conclude that the perturbative treatment of the conduction-valence band coupling, which is included in the six-band model ͑see Appendix͒, is fairly accurate.
V. CONCLUSIONS
In conclusion we have found that while the rotating dipole model of Asada et al. ͑AKS͒ works well for the electronic structure of bulk semiconductors, there are several reasons why it fails in quantitative predicting the polarization of gain of QW lasers: ͑1͒ Although, the idea of eigenstates that rotate with the direction of k is qualitatively correct also for QWs, the exact dependence on k ʈ is not very accurate. ͑2͒ The AKS model can only account for the diagonal transitions Ci → Vi. Furthermore, the AKS model ͑3͒ excludes the LH bands and ͑4͒ simplifies the interband coupling. Finally, ͑5͒ the transition amplitudes are overestimated. We found that points ͑2͒-͑4͒ together severely simplify the transition spectrum of the studied polarizations and redshift the peak gain of the Ќ ͑TM͒ polarization. Note also that the origin of the TM mode in our eight-band model is in the nondiagonal transitions whereas it, in the AKS model, originates from the C1 → V1 transition at k ʈ 0. The LH band must be included as well as the valence band mixing, in order to obtain a correct polarization-dependent gain profile. We also found it very difficult to improve the AKS model without losing its simple analytical form.
We have found that the differences, in the calculated polarization of the gain, between the six-and eight-band k · p models are small and come from the contributions of higher excited bands. The differences between the six-and eightband models increase with increasing energy and electron wave vector k. This, however, does not affect the polarization of the gain very much, because it depends mainly on the band structure close to the band edge.
The present calculations of gain polarization do not include carrier-carrier interactions. On the microscopic scale, the polarization of photon emission is governed by the directional properties of electronic orbitals of the pertinent electric dipole amplitudes. The correlation ͑carrier-carrier͒ effects influence the anisotropy of the transition amplitude if the two-particle correlation is strong enough ͑exciton regime͒ to change the pertinent single-particle orbitals. However, all our calculations correspond to carrier densities at which the exciton resonance disappears. 27 The correlation affects therefore the transition dipole mainly via a screened carrier-carrier interaction. As shown by Hader et al., the most prominent influence of the Coulomb interaction, in this limit, is a blue-shift of the gain maximum with increasing carrier density. 10 However, the screened Coulomb effect is nearly isotropic and we expect that its influence on the gain polarization is less important. Ellmers et al. have made a detailed comparison of experimental and theoretical gain spectra for an InGaN single QW laser diode. 12 In their work they obtained a complete quantitative agreement between theory and experiments only by including many-body Coulomb effects as well as using a microscopic treatment of carrier scattering and polarization dephasing. However, the complete agreement between theory and experiments was obtained using the four-band Luttinger-Kohn Hamiltonian which is known to be rather inaccurate for the description of the electronic structure. Nevertheless, the influence of the Coulomb effect on the polarization of gain is an important topic of further studies. On the basis of our work we suggest that in calculations of the gain polarization, based on semiconductor Bloch equations, the quality of the k · p parameters should be verified by pseudopotential calculations. Furthermore, we emphasize the role of the nondiagonal transitions, especially in the calculation of the TM mode.
APPENDIX: EIGHT-BAND k · p MODEL OF ZINC BLENDE CRYSTALS
The eight-band k · p model ͑see, e.g., Ref. 28 and references therein͒ has been developed for electronic structure calculations of direct-band semiconductors in the vicinity of ⌫ point, i.e., k = 0. The bulk and quantum confined electron states are described as linear combinations of atomic Bloch functions. The Bloch functions are in turn expanded in terms of the perturbatively projected ⌫-point atomic Bloch functions ͉u ͑r͒͘ by
where C ␣ ͑k͒ are the mixing coefficients. The projected Bloch functions are given by ͉u ͑r͒͘ = ͉u
where ͉u i 0 ͑r͒͘ are the ⌫-point atomic Bloch functions and E i 0 are their energies evaluated at k =0. The eight strongly coupled Bloch functions ͓states A in Eq. ͑A2͔͒ are treated by direct diagonalization and assumed independent on the heterostructure material. 29 The remaining states m A are accounted for by perturbation theory. 30, 31 In this work we have used the following eight Bloch functions of group A:
͑A3͒
which span the eight-dimensional subspace of the irreducible representations ⌫ 6 , ⌫ 8 , and ⌫ 7 of the T d symmetry group, associated with the zinc blende crystal. In this basis the eight-band k · p Hamiltonian of bulk semiconductors is given by
where we have defined the following parameters: 
The six-band k · p model is obtained from the eight-band model by substituting P 0 = 0 and B = 0. This decouples the six valence bands from the conduction band. Moreover, in the eight-band model the C band belongs to group A, whereas it is treated as a distant band in the six-band model. The ␥ parameters of the k · p Hamiltonian account for the effect of distant band and, as a result, the ␥ parameters are different in the six-and eight-band models.
k · p model for quantum wells
The eight-band k · p model can be used to calculate the electronic structure of low-dimensional semiconductor structures using the envelope wave function approximation. 32 However, the parameters of the model are always fitted to experimental or theoretical band gaps and effective masses, at the ⌫ point of the pertinent bulk semiconductors. In the case of a QW ͑grown along the z axis͒ we first write all matrix elements of the Hamiltonian symmetrically and replace the z component of k by the operator k z = k Ќ → −i‫ץ‬ / ‫ץ‬ z . Then we denote the in-plane wave vector by k ʈ = ͓k x , k y ͔. Finally, all derivatives were replaced by symmetrized finite differences where g is any position dependent material parameter, ⌿ is the differentiated wave function, ⌬z is the spacing of two neighboring grid points, and the subindices represent the z coordinate. This ensured that the differentiated Hamiltonian was Hermitian. In the case of an ͑111͒ QW, a coordinate transformation of k and r had to be done before the differentiation. 33 The wave functions in a QW geometry are given by 
